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We present a new approximation to include fully general relativistic pressure and velocity in
Newtonian hydrodynamics. The energy conservation, momentum conservation and two Poisson’s
equations are consistently derived from Einstein’s gravity in the zero-shear gauge assuming weak
gravity and action-at-a-distance limit. The equations show proper special relativity limit in the
absence of gravity. Our approximation is complementary to the post-Newtonian approximation and
the equations are valid in fully nonlinear situations.
PACS numbers: 04.25.Nx, 95.30.Lz, 95.30.Sf
1. Introduction: Considering the enormous practical
and conceptual difficulties in handling general relativis-
tic astrophysical situations using numerical simulations
of full Einstein’s gravity [1], it is always welcome to have
an approximation method. The post-Newtonian (PN)
approximation is one such method [2–5] where we re-
store the good and old absolute space and absolute time,
and regard Einstein’s gravity effects as corrections to the
Newtonian equations. In this way we can handle weak
but relativistic effects of gravity in Newtonian style, and
the resulting equations are fully nonlinear.
Here, we provide a complementary approximation
which can handle the fully relativistic pressure and veloc-
ity in the weak gravity and action-at-a-distance limit: for
our assumptions see Eq. (7). We present the energy con-
servation, momentum conservation and Poisson’s equa-
tion which allow us to handle such astrophysical situa-
tions in Newtonian manner. In this approximation also
the equations are valid to fully nonlinear orders. Our
derivation is based on the zero-shear gauge which will
be explained later. We ignore the transverse-tracefree
tensor-type perturbation in the spatial metric, and ig-
nore the anisotropic stress.
2. Result: A closed form of new hydrodynamic equa-
tions we are proposing is
d
dt
̺+
(
̺+
p
c2
)
∇ · v = 1
c2
(
dp
dt
− 1
γ2
p˙
)
, (1)
d
dt
v = ∇Φ− 1
̺+ p/c2
1
γ2
(
∇p+ 1
c2
vp˙
)
, (2)
∆Φ + 4πG̺ =
12πG
c2
×∆−1∇i∇j
[(
̺+
p
c2
)
γ2
(
vivj − 2
3
δijv
2
)]
,(3)
with
d
dt
≡ ∂
∂t
+ v · ∇, γ = 1√
1− v2/c2
, (4)
where ̺, p and v are the density, pressure and ve-
locity, respectively, and γ is the Lorentz factor with
v2 ≡ v · v ≡ vivi; ∆−1 is an inverse Laplacian operator,
and an overdot indicates the partial time derivative with
respect to t. In the absence of gravity Eqs. (1) and (2)
properly reproduce the special relativistic hydrodynam-
ics, see below Eq. (23). Notice that the role of gravity
is rather trivial in these special relativistic conservation
equations, while the role of special relativity (especially
the velocity) is nontrivial in the Poisson’s equation, see
Eq. (3): for non-relativistic velocity we recover the or-
dinary Poisson’s equation (without pressure correction!)
known in Newtonian gravity.
Our metric convention is
ds2 = −
(
1− 2Φ
c2
)
c2dt2 +
(
1 +
2Ψ
c2
)
δijdx
idxj , (5)
where Φ and Ψ are the Newtonian and the post-
Newtonian gravitational potentials, respectively; Ψ is de-
termined by a separate Poisson-like equation
∆Ψ + 4πG̺ = −4πG
(
̺+
p
c2
) (
γ2 − 1) . (6)
We may call Eqs. (3) and (6) as the Newtonian and the
post-Newtonian Poisson’s equations, respectively. The
relativistic velocity causes a difference between Φ and Ψ.
It is important to notice that the zero-shear gauge con-
dition alone does not allow us to write the metric in this
simple form: a proof of the case will be given after full
calculation with the general metric, see Eq. (12), below
Eq. (27) and below Eq. (29). In this work we will de-
rive the above set of equations consistently from the full
Einstein’s equations.
The weak gravity and the action-at-a-distance assump-
tions are
Φ
c2
≪ 1, Ψ
c2
≪ 1, γ2 t
2
ℓ
t2g
≪ 1, (7)
where tg ∼ 1/
√
G̺ and tℓ ∼ ℓ/c ∼ 1/(kc) are the
gravitational time scale and the light propagating time
scale of the characteristic length scale ℓ, respectively,
thus t2ℓ/t
2
g ∼ G̺/(c2k2); k is the wave number intro-
duced as ∆ = −k2. The last condition is our action-
at-a-distance assumption; it implies that we keep the
2action-at-a-distance nature of Newtonian theory in our
approximation; in cosmology this condition implies the
subhorizon-scale limit [6]. The reason for having γ2 in
the last condition will be explained below Eq. (19). The
presence of the γ2-factor in the action-at-a-distance con-
dition is consistent with the weak gravity condition con-
sidering Eqs. (3) and (6) in the regime of ultra-relativistic
velocity (v ∼ c, thus γ ≫ 1).
In the new approximation we ignore the dimensionless
quantities in Eq. (7) compared with order unity, but con-
sider fully relativistic pressure as well as velocity. On the
other hand, the first PN (1PN) approximation takes into
account of the first order corrections in the dimension-
less quantities of Eq. (7) as well as first orders in v2/c2,
p/(̺c2), etc. Thus, the two approximations are comple-
mentary.
For non-relativistic velocities (slow-motion limit
v2/c2 → 0) Eqs. (1)-(3) become [7]
d
dt
̺+
(
̺+
p
c2
)
∇ · v = 1
c2
v · ∇p, (8)
dv
dt
= ∇Φ− 1
̺+ p/c2
(
∇p+ 1
c2
vp˙
)
, (9)
∆Φ+ 4πG̺ = 0. (10)
In this case we have Ψ = Φ, see Eqs. (26) and (27).
Further assuming non-relativistic pressure (thus c → ∞
limit) we recover the well known Newtonian hydrody-
namic equations with gravity [6]
∂̺
∂t
+∇ · (̺v) = 0, ∂v
∂t
+ v · ∇v = ∇Φ− 1
̺
∇p,
∆Φ+ 4πG̺ = 0. (11)
3. Proof: Now we derive Eqs. (1)-(3) and (6), and
show that these are consistent with full Einstein’s equa-
tions under our assumptions of weak gravity and action-
at-a-distance in Eq. (7).
Our equations are based on the zero-shear gauge. How-
ever, as our zero-shear gauge imposes the temporal gauge
(slicing or hypersurface) condition on the g0i setting only
its longitudinal part to zero (the three spatial gauge con-
ditions are imposed on the gij part) [8], the simple form of
the metric in Eq. (5) demands explanation. For a proper
derivation we need to consider a more general form of the
metric written as
ds2 = −
(
1− 2Φ
c2
)
c2dt2 +
(
1 +
2Ψ
c2
)
δijdx
idxj
−2χicdtdxi, (12)
where the index of χi is raised and lowered by δij as the
metric. We have presented the fully nonlinear and exact
perturbation formulation based on the metric in Eq. (12)
extended to the cosmological context [8, 9]. Compared
with notations in [6–9] we have
α ≡ −Φ
c2
, ϕ ≡ Ψ
c2
, (13)
with the cosmic scale factor a ≡ 1 and the spatial comov-
ing part of Robertson-Walker metric becoming γij ≡ δij .
In our derivation we will use the exact Einstein’s field
equations presented in Sec. 3 of [9].
The spatial part of the metric is simple because we have
ignored the transverse-tracefree part of the perturbation
(this is a physical assumption), and have imposed the
three spatial gauge conditions without losing generality
to fully nonlinear order [8, 10]. The zero-shear hypersur-
face (temporal gauge) condition imposes the longitudinal
part of χi to be zero: as we decompose χi ≡ χ,i + χ(v)i
with χ
(v)i
,i ≡ 0, the zero-shear gauge sets χ ≡ 0, thus
we still have non-vanishing χi = χ
(v)
i and this should be
considered properly.
We consider a fluid energy-momentum tensor without
anisotropic stress
Tab = (µ+ p)uaub + pgab, (14)
where µ ≡ ̺c2 is the energy density. For the fluid four-
vector uc we introduce
1
ui ≡ γ vi
c
, γ ≡ −ncuc = 1√
1− vkvkc2(1+2Ψ/c2)
, (15)
where the index of vi is raised and lowered by δij as the
metric; na is the normal-frame four-vector. In our weak
gravity approximation the above fully nonlinear expres-
sion of the Lorentz factor becomes the familiar one in Eq.
(4).
Using only the weak gravity condition, the ADM
(Arnowitt-Deser-Misner) momentum constraint equation
in Eq. (3.3) of [9] gives
κ,i +
3
4
c∆χ
(v)
i = −
12πG
c2
(
̺+
p
c2
)
γ2vi, (16)
where κ is defined as the trace of extrinsic curvature
which is the same as the expansion scalar of the nor-
mal frame with a negative sign, thus κ ≡ cKii = −θ(n) ≡
−cnc ;c [8, 10]. Equation (16) can be decomposed as
κ = −12πG
c2
∆−1∇i
[(
̺+
p
c2
)
γ2vi
]
, (17)
c∆χ
(v)
i = −
16πG
c2
{(
̺+
p
c2
)
γ2vi
−∇i∆−1∇j
[(
̺+
p
c2
)
γ2vj
]}
. (18)
From these we can estimate
∇iκ/c ∼ ∆χ(v)i ∼
(
γ2
t2ℓ
t2g
)
∆vi/c. (19)
1 Compared with previous notation, our vi = v̂i in [6–9], see the
Appendix D in [8].
3Using the action-at-a-distance condition in Eq. (7) we
can ignore κ and χ
(v)
i compared with ∇ · v and vi/c, re-
spectively; these estimates, which follow from the action-
at-a-distance assumption in Eq. (7), are demanded in the
following calculation, and this justifies the presence of γ2-
factor in our relativistic action-at-a-distance condition in
Eq. (7).
Using Eqs. (7) and (19), the covariant momentum con-
servation in Eq. (3.9) of [9] gives
1
γ
d
dt
(γv) = ∇Φ + v
2
c2
∇Ψ
− 1
̺+ p/c2
(
1
γ2
∇p+ v 1
c2
dp
dt
)
, (20)
with γ = 1/
√
1− v2/c2.
Notice the presence of post-Newtonian potential Ψ in
Eq. (20) with a v2/c2-factor. We point out that although
the (v2/c2)∇Ψ term in Eq. (20) is comparable to the ∇Φ
term in our approximation, it is negligible compared with
the convective term v · ∇v in the left-hand-side due to
the weak gravity condition. This apparent conflict can
be resolved as the following. The (v2/c2)∇Ψ term is
comparable to the ∇Φ term either for ultra-relativistic
(v2 ∼ c2) or for the relativistic (we keep v2/c2 order but
v2/c2 ≪ 1) velocities; the term is naturally negligible for
non-relativistic velocity. In the first (ultra-relativistic)
case the ∇Φ term itself is negligible (by the weak gravity
condition) compared with the convective term, thus the
(v2/c2)∇Ψ term can be ignored as well. In the second
(relativistic) case we have the (v2/c2)∇Ψ much smaller
than the ∇Φ, and the latter is again much smaller than
the convective term: thus although we may have to keep
the ∇Φ term, the (v2/c2)∇Ψ term can be ignored.
Thus ignoring the Ψ term in Eq. (20), it can be ar-
ranged to give
d
dt
ln γ = − 1
̺+ p/c2
1
c2
(
dp
dt
− 1
γ2
p˙
)
, (21)
and Eq. (2).
Using Eq. (21), the covariant energy conservation in
Eq. (3.8) of [9] gives Eq. (1).
For later use, we present alternative expressions of the
conservation equations
∂
∂t
[(
̺+
p
c2
)
γ2
]
+∇ ·
[(
̺+
p
c2
)
γ2v
]
=
1
c2
p˙, (22)
∂
∂t
[(
̺+
p
c2
)
γ2v
]
+∇j
[(
̺+
p
c2
)
γ2vjv
]
=
(
̺+
p
c2
)
γ2∇Φ−∇p. (23)
In the absence of gravity the special relativistic hy-
drodynamic equations are properly recovered2. As far
2 In the absence of gravity, Eq. (2) reduces to Eq. (2.10.16) in [3],
and Eq. (22) reduces to Eq. (2.65) in [11].
as we are aware, the special relativistic hydrodynamic
equations including gravity is unknown in the literature.
Our equations can be regarded as the special relativistic
hydrodynamic equations in the presence of weak gravity
with the action-at-a-distance limit. Our equations, how-
ever, are valid in the presence of fully general relativis-
tic pressure and velocity. Whether such an asymmetric
(weak gravity and action-at-a-distance limit associated
with relativistic pressure and velocity) situation is al-
lowed in Einstein’s gravity requires the analysis of full
Einstein’s equations which we will embark in the follow-
ing.
We derive the Poisson’s equations and check the con-
sistency of complete Einstein’s equations. Using Eqs. (7)
and (19), the ADM energy-constraint equation and the
trace of ADM propagation equation in Eqs. (3.2) and
(3.4), respectively, of [9] give
∆Ψ + 4πG̺ = −4πG
(
̺+
p
c2
) (
γ2 − 1) , (24)
∆Φ + 4πG
(
̺+ 3
p
c2
)
= κ˙− 8πG
(
̺+
p
c2
) (
γ2 − 1) .(25)
Equation (24) is the same as Eq. (6), but Eq. (25) needs
further analysis. In order to show the consistency of these
two equations and to derive Eq. (3), we need the tracefree
part of ADM propagation equation in Eq. (3.5) of [9]. It
gives
(
∇i∇j − 1
3
δij∆
)
(Φ−Ψ)
−8πG
(
̺+
p
c2
)
γ2
(
vivj
c2
− 1
3
v2
c2
δij
)
= − c
2
∂
∂t
(
χ
(v)i
,j + χ
(v),i
j
)
=
8πG
c2
∆−1
{
−∇j∇k
[(
̺+
p
c2
)
γ2vivk
]
−∇i∇k
[(
̺+
p
c2
)
γ2vjv
k
]
+2∇i∇j∆−1∇k∇ℓ
[(
̺+
p
c2
)
γ2vkvℓ
]}
, (26)
where we used Eqs. (18) and (23). From this we have
∆ (Φ−Ψ) = 12πG∆−1∇i∇j
×
{(
̺+
p
c2
)
γ2
(
vivj
c2
− 1
3
v2
c2
δij
)}
. (27)
We note that χ
(v)
i has a nontrivial role only in Eq. (26)
but the term has no role in deriving Eq. (27). In this
sense the metric can be written as in Eq. (5).
Now, from Eqs. (17) and (23) we can show
κ˙ = 12πG∆−1∇i∇j
[(
̺+
p
c2
)
γ2
vivj
c2
]
+ 12πG
p
c2
−12πG
c2
∆−1∇ ·
[(
̺+
p
c2
)
γ2∇Φ
]
. (28)
4Notice the consequent cancelation of the 12πGp/c2 term
on the left-hand-side of Eq. (25) with the one in κ˙. Us-
ing Eqs. (27) and (28), Eqs. (24) and (25) are consistent
with each other, and Eq. (25) can be arranged to the
Newtonian Poisson’s equation in Eq. (3).
We have one remaining equation to be checked which
is the definition of κ (the trace of extrinsic curvature)
equation in Eq. (3.1) of [9]. It gives
κ = −3 Ψ˙
c2
. (29)
Using Eqs. (17), (22) and (24) we can show that Eq. (29)
is identically satisfied. This completes the consistency
check of full Einstein’s equations.
In our calculation, except for the Eq. (26), the χ
(v)
i
terms appearing in various forms are all negligible due
to the estimate in Eq. (19): as a consequence the metric
can be written as in Eq. (5), i.e., the χi can be ignored
due to the action-at-a-distance assumption in addition
to the zero-shear gauge condition. This completes our
proof of Eqs. (1)-(3), (6) with the metric in Eq. (5) under
conditions in Eq. (7).
4. Discussion: Our new hydrodynamic approxima-
tion method proposed in Eqs. (1)-(3) is derived consis-
tently from Einstein’s gravity and is complementary to
the 1PN approximation [2, 3, 5]. Here we consider fully
relativistic pressure and velocity while taking weak grav-
ity and action-at-a-distance limit, whereas in the 1PN
approximation we consider only 1PN orders in both the
pressure and the velocity, but consider both the gravi-
tational potential and the assumption on the action-at-
a-distance to the 1PN orders as well, thus giving time-
delayed propagation of gravity correction to the action-
at-a-distance nature of the Newtonian limit (0PN), see
sections 6 and 7 in [5].
Our equations are valid in the zero-shear gauge. As our
gauge conditions (spatial and temporal) completely fix
the gauge mode there remains no remnant gauge mode,
and each variable has a corresponding gauge-invariant
expression to fully nonlinear order, see [8, 10]. Our equa-
tions are consistently derived from Einstein’s gravity,
with assumptions in Eq. (7). The 1PN hydrodynamic
equations in [2] and section 9.8 of [3] are presented in
the uniform-expansion gauge and the harmonic gauge,
respectively. Extension to the general gauge condition is
made in [5]. We have checked that the 1PN equations of
[5] in the zero-shear gauge are consistent with Eqs. (1)-
(3) and (6) in the overlapping regimes (i.e., 0PN for the
weak gravity and the action-at-a-distance, and 1PN for
the pressure and velocity) of the two approximations. We
are currently studying the same problem in other gauge
conditions where the form of equations varies for both
our approximation and the 1PN approximation [12].
Applications to astrophysical situations (requiring hy-
drodynamic numerical simulation) with relativistic pres-
sure medium and/or relativistic velocity might be eas-
ier based on our equations, as long as the weak grav-
ity and action-at-a-distance assumptions are met. Our
newly proposed equations basically have the Newtonian
hydrodynamic structure which is much simpler than the
fully general relativistic system.
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